By utilising the expansion of a polynomial into Bernstein polynomials, we construct bounds for the range of a multivariate rational function over a box.
Bernstein Expansion
Comparisons and the arithmetic operations on multiindices i = (i 1 , . . . , i n )
T are defined componentwise. For x ∈ R n its monomials are x i := x 
Without loss of generality we may consider here the unit box I since any bounded box of R n can be mapped thereupon by an affine transformation. In particular, we have the endpoint interpolation property
For an efficient computation of the Bernstein coefficients, see [7] . A fundamental property for our approach is the interval enclosing property
A disadvantage of the direct use of (2) is that the number of the Bernstein coefficients to be computed explicitly grows exponentially with the number of variables n. Therefore, we use a method [6] by which the number of coefficients which are needed for the enclosure only grows approximately linearly with the number of the terms of the polynomial.
Interval Arithmetic
Let IR denote the set of the compact, nonempty real intervals. The arithmetic operation • ∈ {+, −, ·, /} on IR is defined in the following way.
Details on interval arithmetic and methods which rely on it which can be used to bound the range of an arbitrary function may be found in [3] .
In this section we utilise the above polynomial bounding technique for the construction of an enclosure of the range over I of a multivariate rational function f = p/q, where p and q are polynomials in x = (x 1 , . . . , x n ). A simple way is to divide the Bernstein enclosures P and Q of the ranges of the polynomials p and q, respectively. This method, termed the naive method below, neglects the dependency between the variables of both polynomials and may therefore result in gross overestimation in the range of f .
Following a suggestion by Arnold Neumaier [5] , we represent f in the following form
where r is a linear approximation to f . In our approach we use for r the linear least squares approximation of the control (3) is that the range of r over I can be given exactly and that the Bernstein enclosure of the range of p − rq over I is often tighter than the Bernstein enclosure P . As in the naive method, we employ the Bernstein enclosure Q.
Examples [4]
Let f be given by
where Since the naive method also provides a valid enclosure we may intersect both enclosures, however this gives no improvement in our examples. It is remarkable that even with 100 subdivision steps the enclosures obtained by (3) can be improved only marginally. This corresponds to a related observation reported in [4] . More advanced examples which document the superiority of the new method over the naive method will be given in the follow-up paper (see the Introduction).
